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Abstract 

Inspired by the Randall-Sundrum (RS) framework we consider a number of phenomeno- 
logically relevant model building questions on a slice of compactified AdSd for d > 5. Such 
spaces are interesting as they enable one to realize the weak scale via warping. We perform the 
Kaluza-Klein (KK) reduction for gravitons and bulk vectors in these spaces and for the case of 
AdS^ consider the KK spectrum of gauge-scalars. We further obtain the KK towers for bulk 
fermions on a slice of AdSf and AdSg and show that the RS approach to flavor generalizes to 
these spaces with the localization of chiral zero mode fermions controlled by their bulk Dirac 
mass parameters. However for the phenomenologically interesting case where the transverse 
radius is R^^ ~ TeV we show that bulk Standard Model fields are not viable due to a resulting 
volume suppression of the gauge coupling constants. A similar suppression occurs for the case 
of UV localization. Thus it seems that the Standard Model fields should be confined to the 
infrared brane in such spaces. Sterile fields and extended gauge sectors may propagate in the 
bulk with the gauge-coupling volume suppression experienced by the latter motivating a weak 
coupling to Standard Model fields. We also discuss some issues regarding the effective 4D 
theory description in these spaces. 
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1 Introduction 



Though a remarkably successful theory, the Standard Model (SM) of particle physics is almost 
certainly incomplete. There are two main reasons, one theoretical the other experimental, that lead 
us to suspect that new physics will appear at the TeV scale. The direct sensitivity of the Higgs mass 
to ultraviolet (UV) effects (the hierarchy problem) makes it difficult to take the SM seriously as a 
successful theory beyond the TeV scale. A likely scenario is that some mechanism is responsible 
for stabilizing the weak scale and the expectation is that this mechanism will manifest itself in the 
form of new particles with ~ TeV masses. On the experimental side there is now a growing body 
of evidence suggesting that the matter density of the universe is dominated by an unknown particle 
or particles, referred to as dark matter (DM). Curiously the requisite behaviour of the DM can be 
obtained by a ~ 10^ GeV particle which interacts with weak scale strength with the SM fields. 

One promising possibility is that Nature is supersymmetric, in which case there should exist 
~ TeV scale particles whose UV sensitive contribution to the Higgs mass via loop effects ap- 
proximately cancel the UV sensitive contributions of SM particles. Supersymmetric extensions of 
the SM can also motivate the unknown DM density as the imposition of an extended symmetry 
(/2-parity) on supersymmetric models renders the lightest new particle absolutely stable. Further- 
more the coupling constant relations dictated by supersymmetry mandate weak scale interaction 
strengths for some of the supersymmetric particles. 

An alternative solution to the hierarchy problem can occur if Nature possesses extra spatial 
dimensions. In particular if nature admits a non-factorizable geometry the weak scale may be 
realized as a red-shifted, or warped, incarnation of Planck scale sized input parameters lU. In this 
case the break down of the SM at the TeV scale would be manifest by the existence of TeV scale 
Kaluza- Klein (KK) excitations of the graviton, and of the SM fields, if the latter propagate in the 
bulk. Interestingly if SM fermions propagate in the bulk theories of flavor can also be constructed 
by employing the wave function overlap of the SM fermions in the extra space |'2l,'3l|. The existence 
of extra spatial dimensions can also motivate a DM candidate if a subgroup of an isometry of the 
extra space is conserved in the low energy theory. This is precisely what happens in models with 
universal extra dimensions (UED models) iH where all the SM fields propagate in the bulk of an 
extended spacetime and a remnant discrete symmetry, known as KK paritjo renders the lightest 
KK particle a good DM candidate [5J. 

If the RS scenario is realized in nature it is possible that additional spatial dimensions exist 
beyond the warped extra dimension. As discussed in from a string theoretic perspective one 
may obtain the AdS^ RS model from a stack of parallel D3 branes in type-IIB string theory 
though additional compact dimensions will be present. Interestingly one may realize AdSy with 
additional compact dimensions from a stack of parallel Mb branes in M theory [8J. It has also 
been noted that AdS^ (with additional compact dimensions) is the near-horizon limit of the Type I' 
D4-D8 brane system [9|. It is important to ask how these extra dimensions, if present, may modify 
our understanding of the RS model and what new features may emerge. 

In a recent work we have considered the generalization of the RS model to the higher di- 
mensional space AdS^ x [11 J. In that work we were primarily motivated by the observation 
that UED models and RS models are, in some sense, complementary. RS models motivate the 
weak/Planck hierarchy, the existence of TeV scaled particles (in the form of KK excitations) and 

'KK parity may also be imposed on RS models by gluing together multiple warped throats 
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can shed light on the flavor puzzle. However the warped geometry breaks translational invariance 
along the extra dimension in a maximal fashion so that the KK particles are not stable and do 
not admit a good DM candidate. UED models on the other hand motivate a stable DM candidate 
but do not shed any light on the weak/Planck hierarchy, nor do they provide any insight into the 
flavor structure of the Sivl^. The presence of the UED DM candidate at the weak scale is also not 
motivated within UED models as one obtains the TeV scale DM particle simply by assuming that 
the weak scale is similar to the KK scale; two scales which are otherwise independent. In [fTT| 
we showed that the extended space AdS^, x permits the complementary features of the RS and 
UED frameworks to be unified, with the warped direction motivating the weak/Planck hierarchy 
and admitting a description of flavor whilst KK parity emerges as a remnant symmetry of the extra 
toroidal dimensions. Interestingly the AcISfj warping also motivates the connection between the 
weak scale and the UED KK scale with the warping inducing an effective KK scale on the torus of 
order ~ TeV, even if the toroidal scale is R^^ ~ Mpi. This motivates the connection between the 
weak scale and the DM scale usually assumed in UED models. 

In the present work we extend the program undertaken in IfTTll and consider the promotion of 
the RS model to a higher dimensional slice of compactified AdSd for d > 5. Our motivations 
are ultimately phenomenological and we seek to determine the extent to which the complemen- 
tary features of UED and RS models can be combined in these higher dimensional warped spaces. 
However there is also a theoretical aspect to our work as we generalize many familiar RS ex- 
pressions to these higher dimensional warped spaces. We find that, as one would expect, the RS 
realization of the weak scale via spacetime warping carries over to a slice of AdSd for d > 5 when 
the Higgs boson is a (c? — 1) dimensional field localized on the IR brane. We further find that the 
RS approach to flavour also carries over to AdSf and AdSg, with the coupling between two chiral 
zero mode fermions and a brane localized scalar being exponentially sensitive to the fermion bulk 
mass parameters such that hierarchical Yukawas are expected in the 4D theory. However for the 
phenomenologically interesting case of R^^ ~ 1 TeV the effective 4D gauge coupling between a 
chiral zero mode fermion and the zero mode of a bulk gauge field experiences volume suppression 
and, if the IR brane scale is ~ TeV, the effective gauge coupling in the 4D theory is significantly 
suppressed. The severity of this suppression increases with d, though already for (i = 7 it is of 
order ~ 10"^^/^. Consequently bulk SM fermions and gauge fields are not viable for both AdSf 
and AdSg. The appealing RS approach to flavour is therefore viable only on a slice of AdS^ or, as 
shown in fTTl| for the case of AdS^ x T^, for certain spaces of the form AdS^ x A^"'"^. 

If the SM matter fields propagate in the transverse dimensions of AdSd one therefore expects 
them to be localized at either the UV or infrared (IR) brane. We shall show that in the former 
case a similar suppression of the effective 4D couplings is found for R^^ ~ TeV so that only IR 
localization is viable. The main model building feature of the AdSd spaces seems to be their ability 
to combine the warped explanation for the weak/Planck hierarchy with the KK parity found in UED 
models, so these spaces admit only a partial unification of the appealing complimentary features of 
UED and RS models. The main experimental signature for the AdSd spaces in this instance is the 
observation of warped KK gravitons in addition to UED KK modes. Such a signature also occurs 
when the (d — l) dimensional UED model is realized by embedding the SM fields on the IR brane 
of AdS^ X T^^^, as discussed in [1 IJ. However, as we shall show, the graviton KK towers on AdSd 

^Flavor structures may be viable in UED variants like split-UED |T0|. 
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and AdSrj x T'^^^ differ so that if a (rf — 1) dimensional UED scenario is discovered one would 
be able to experimentally determine if the UED model in is embedded in either of these distinct 
warped spaces by carefully studying the graviton KK spectrum. 

Fermions which are sterile with respect to the SM gauge group may propagate in the bulk, with 
such a scenario considered already for AdSy in the context of a brane localized UED model in [|12|] . 
Extended gauge sectors may also propagate in the bulk and the resulting volume suppression of the 
gauge coupling can motivate a very weak coupling for such sectors with SM fields. For example, if 
the SM is localized on the IR brane of AdSe, to realize an embedding of the minimal UED model 
on the IR brane and simultaneously motivate the weak/Planck hierarchy, the gauge group extension 
GsM X Qx with Qx in the bulk permits the ^x- symmetry breaking to occur on the IR brane at the 
weak scale and yet remain experimentally viable. Such a scenario may offer an interesting way to 
employ, for example, a weakly coupled symmetry which plays a custodial role and is broken at the 
weak scale. 

Before proceeding we note that works based on higher dimensional warped spaces exist al- 
ready in the literature; see for example [|T3HT4l[T5l,|T6l . It is known, for example, that in AdSy the 
cancellation of boundary anomalies fl6\ necessarily constrains the boundary symmetries and field 
content. The combination of warped and universal extra dimensions has been previously consid- 
ered on a slice of AdSj lfT2l and the graviton KK tower for AdSj was also studied in [|7]|. Some 
matters regarding moduli stabilization via bulk scalar fields in higher dimensional warped spaces 
were considered in [17j and the Casimir force was studied in [|18il and lfT9l . where, in the latter, 
it was noted that the contribution from the transverse extra dimensions resembles that of UED 
models. A study of DM candidates that result from approximate isometrics of warped throats in 
compactified string models has also appeared ll20l . 

The layout of the present work is as follows. In Section [2] we consider the Einstein equations 
and graviton KK tower for AdSd and in Section [3] we obtain the KK tower for bulk vectors in 
said spaces. Relative to AdS^ the spaces AdSd for d > 5 admit additional modes in the form 
of metric and gauge boson polarizations in the transverse space. As an example of these modes 
we detail the KK spectrum for gauge-scalars in Section [3] for the d = 6 case of AdSe; six being 
the lowest dimensionality which admits such modes. We derive the KK spectra for bulk fermions 
on a slice of AdSf and AdSg in Section |4] and show that in each case a single localizable chiral 
zero mode appears in the spectrum. In Section [5] we combine a number of these ingredients and 
consider the realization of the weak scale via warping with an IR brane localized Higgs boson, 
the mechanism of 4D flavor via fermion wavefunction overlap with an IR brane Higgs for AdSr 
and AdSg and the coupling of bulk vectors to bulk fermions in these spaces. Finally we comment 
on the range of validity of the effective 4D theory description and the case of UV localization in 
Section [6] before concluding in Section |7] In four Appendices we provide additional information 
which complements the analysis, including our conventions for bulk fermions in 7D and 9D. 

2 Gravity on AdSd 

We consider the metric defined by the rf-dimensional spacetime interval 

ds^ = e-2"(^) [n^^dx^dx" - 6abdx''dx''] - dy^ = GMNdx^^dx^, (1) 
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where M,N = 0, 1, 2, 3, 5, 6, ..,d label the full rf-dimensional space, /i, z/ = 0, 1, 2, 3 label the 
4D subspace and the extra dimensions are labeled by with a,b = 5, 6, ..,(d — 1), and x'^ = y 
(the latter being the warped direction). The extra dimensions are compact with G [— vr_R, tcR], 
y E [— vrrc, rrrd, and the points x"" = ivri? (y = ivrrc) identified. For simplicity we take equal 
radii in the directions and we shall, at times, refer to these as the 'transverse' extra dimensions. 
As in the RS model the warped direction is orbifolded as /Z2 with the Z2 action defined by 
the identification Z2 : y ^ —y. The transverse directions must also be orbifolded to ensure the 
absence of massless gravi- vectors. For much of what follows we need not specify this orbifolding, 
though for completeness we note that for odd (d — 5) we shall use 

(rV^2 X .... X TVZ2) X S^/Z2, (2) 

where there are (rf — 6)/2 factors of T^/Z2 in the brackets. For even {d — 5) the last factor of 
/ Z2 in (121) is not present and there are (d — 5)/2 factors of We provide additional details 

regarding this orbifolding as appropriate in the text. 

We take as sources a cosmological constant A and two codimension one branes with tensions 
Vo,l; the resulting Einstein equations being 

Rmn — -GmnR^^^ 
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GGmnA + 6ZKVGGMf, {Vodiy) + V^S^y - ixr,)} 



(3) 



Here (i?^'^)) is the rf-dimensional Planck scale (Ricci scalar), Gmn denotes the induced five 
dimensional metric at the brane locations with brane Lorentz indices M, iV = 0, 1, 2, 3, 5, 6, .., {d— 
1), and G = |det(G'A/Af)| (similarly for G). The Einstein equations give 



a'2 1 

{d-l){d-2)— = ^A, (4) 



{d-2)a" = -±-^{Vo6{y) + VLS{y-nr,)}, (5) 



with solution 



-A 

2(rf- l)(d~2)Mf 



= \l— 777"^ TTTTdTf = ^bl' (6) 



SO the warp factor may be written as e = e '^'^L Calculating the second derivative of a and 
comparing with Q requires the tunings 

Vo = -VL = 8{d~2)kMt\ (7) 
and the effective 4D Planck scale is given by 

= / ^l\ 27rRy-' {1 - e-('^-3)^-=} . (8) 

id O ) rC 
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We note that the solution ^ requires A < and also define a new (conformal) variable by kz = e^^ 
to write (HJ) as 

ds'^ = [Vf^udx^dx" - Sabdx^'dx^ - dz^] . (9) 

We refer to this metric, sourced by a negative cosmological constant, as AdSd- Strictly speaking 
the compactification of the transverse dimensions breaks some of the isometrics usually present 
in AdSd (see and our space is the compactification of AdSd by the action of the discrete 
translation isometrics a;" ~ x'* + 2txR. For brevity we refer to this simply as AdSd with the 
implied compactification understood. 

We display the approximate value of the 7D gravity scale M* in Table [U foil G [5,9]. 
Throughout this work we take ~ TeV as this is the interesting region to be explored by the 
LHC and is also the compactification scale for UED models which permits the lightest KK particle 
to be a suitable DM candidate. We also take the IR brane scale as ~ TeV so the hierarchy between 
the fundamental gravity scale and the weak scale results from warping. For the phenomeno- 
logically interesting case of i?"^ ~ TeV with A; ~ equation ^ gives (M*/TeV) ~ lO^o/C^-s) 
As can be seen in the table, decreases with increasing d for ~ TeV due to the relatively 
large transverse volume. The IR brane scale is e~^'"''=M^. so that the value of fcr^ required to realize 
the weak scale on the IR brane also decreases with d. We also show this in the Table. One observes 
that, as opposed to the RS value of kr^ ~ 0(10), no hierarchy is required for larger values of d 
with kvc ~ (9(1) readily obtained. 



d 


5 


6 


7 


8 


9 


~ M,/TeV 


IQis 


10^" 


1015/2 


10** 


10^ 


~ krc 


11 


7.3 


5.5 


4.4 


3.7 



Table 1 : Approximate value of the 7D gravity scale M* and the warping parameters kvc for AdSd 
in the phenomenologically interesting case of R^^ ~ TeV with k ~ M*. Note that decreases 
with increasing d and that C(l) values of kvc are allowed for larger d. 



2.1 Graviton KK spectrum 

The masses and wave functions of the KK gravitons are found by making the metric replacement 

G^i, = e~'^'^rif^i, e~^°'(?7^,y + nh^y), where k = 2M^^'^^'^^^^ . The KK expansion for hf^^, is: 

/^,.(x^a;^^) = J] /^2)(a:'^)^??"^(x'^)/f (^), (10) 

n 

^We note that the more extreme case of d = 32 gives ~ TeV. In such a scenario the KK copies of SM fields 
would act as the extra sectors discussed already in connection with the hierarchy problem in, e.g., [22] . We do not 
consider such large values of d in this work and instead restrict our attention to d < 10. 
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n^^riQ, ..,nd-i,n) and g^^''\x^) are even parity wave functions on the 



where0 n = (ua, n) 

transverse space. Working in the gauge d^h^^ = h'^ = the expansion (fTO|) leads to 

[z^dl -id- 2)zd. + ml,z^ - mlf\ /f = 0, 



(11) 



where we write the KK masses as my,^^ and use dlg^"^ = —m^^g]^"". The profiles obey the 
orthogonality conditions 



.2 A-n-a) 



(kz)('i-2)Jh Jh 

I [U^dx^]g^:^^g^:^^ 



5™, 



and the solutions to (fTTl) are 



ikz] 



J, 



m 



h,n 



■ml z 

"'a 



m 



h,n 



nil z 



(12) 



(13) 



where Nfi is a normalization factor, (3^ff* is a constant and the order of the Bessel functions is 

Uh = \{d-l). (14) 

Equation (fT3l) is the generalization of the RS {AdS^) result and as such reduces to known ex- 
pressions in the literature; the d = 5, 6, 7 cases reproduce the AdS^^j results found in refer- 
ences [23l, lfT3l and |I3 respectivel)@. Note that for d > h the profiles along the warped direction 
differ from the c? = 5 RS result with both the order of the Bessel functions and the power of the the 
prefactor [kz) increasing. That the warped wave functions for AdSd do not match those of AdS^ 
for nina = is to be expected. Although AdS^ can be embedded in AdSd for d> h the embedding 
is such that the AdS^ warped direction differs from that of AdSd, as we discuss in Appendix lAl 

The constants are determined by the boundary conditions dzf^j^\z, = 0, where = 
zo,L = k^^,e^'^'''''k^^, and the KK masses nih^fi follow from /3,j(zo) = I3h{zl), which to good 
approximation gives 



J, 



m 



In - ^njL 



0. 



(15) 



For ^ — m^^ ^ |(z//i — 1)^ — l/4|e ^'^^'^k the KK masses may be approximated by: 



k^ + mt 



(16) 



Considering the purely warped KK modes (Ua = 0), one observes that as d increases the mass 
of the KK modes increases whilst the relative KK spacing, (nih^n+i — ^h,n)/^h,n, decreases. 



'^We emphasize that Ua (n) labels the quantized momenta in the compact x'^ (z) directions. We shall on occasion 
also denote /^"^ as /^""'"^ 

^For string theoretic realizations there may be additional winding modes present in the spectrum. These can be 
phenomenologically important (see tTJ), though we do not consider them here. 
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Thus the purely warped KK gravitons on a slice of AdSd are discernible from those of the RS 
model. The AdSd KK gravitons also differ from those found in spaces of the form AdS^ x Ai'^~^, 
given that purely warped gravitons in the latter match those of the RS model. The purely warped 
AdSd gravitons with n > couple to IR brane localized stress-energy sources with coupling 
A"^ > M~l, as in the RS model. In particular one finds ~ e"('^"^)^'''''=/2Mpi, which is ~ TeV 
for the parameters we consider. 



3 Bulk Vectors on AdSd 

In this section we consider a bulk f/(l) gauge field in the AdSd background. As our ultimate 
purpose is to determine the viability of modeling a SM gauge boson by such a state the vector 
modes M = /i should have even parity to ensure a zero mode. The action for Am is 

Sa = ~\Jd'xVG{G''''G'"^FMNFpQ}, (17) 

and we work with the conformal coordinates defined by The mixing between the vector mode 
and the gauge-scalar modes may be decoupled by introducing a bulk gauge fixing term, 

Sgf = -yJ [n'^d^Ar + i{kzf''[Y^ d-a{KA-a)]^ , (18) 

where we use the index d to denote a, z so that J2a ^ ^a=a z ^^'^ define the quantity K = K{z) 
by 



Kt]""^ = ^/GG'"'G'\ (19) 
Varying the action Sa + Sqp gives the bulk equations of motion, 

v^G^^G'^'^9^F,^ + ^r/^'^94ir9,A^] + ^— ^^^^ = 0, (20) 



1 

'k 



v'-^drd.Aa + mikz)'-' Yl d-biKA-,)] -^Yl di[VGG^^G''F,^] = 0, (21) 



v''^drd^A, + ^d4ikzf-^Y^biKA-,)]-^J2^-i'^^""^''P--^ = 0' (22) 

b a 

where the first equation describes the vector modes and the remaining {d — 4) equations are mixed 
and describe the gauge- scalars. Taking suitable combinations of (|2TI) and (|22l) gives 

r^^^drd^GA -j^Yl 9-a{Kd^GA} = 0, (23) 

a 

V^^drd.F^a + Y M^di[VGG''''G''F-,,]} + d^i^Yl db[VGG''G^^F,,]} = 0, (24) 

5 b 

where Ga = {kzY~^ di{KAi). Note that the states described by equation (l23l) have decoupled 
and are, in fact, the Goldstone modes. The {d — 5) equations (l24l) remain mixed and describe the 
physical gauge-scalars. 
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3.1 KK decomposition of the vector mode 

We expand the vector modes as 



(25) 



and the profiles f^\z) must satisfy the following orthogonality relations: 

dz 



and the equation of motion: 

[z^dl -{d- 5)zd, + ml 

The solution to (|27l ) is 



{na,n) f{na,m) 
A 



[J A J A 



2 2 21 rift) 



fT = 0. 



ikz] 



N 



(n) 



J, 



ml z 



+pfy.A 



m%_ 



mi z 



(26) 



(27) 



(28) 



(n) 

where N\ is a normalization constant and the order of the Bessel functions is 



l^A 



id- 3). 



(29) 



Equation (l28l) generalizes the wavefunction for a bulk vector in the AdS^ RS background to a 
higher dimensional slice of AdSd- As such the d = 5 case reduces to that of [|24|. The constants 



(3^^ are determined by the boundary conditions dzf)l 



(")| 



in), 



ml_ z 



and are found to be 



(30) 



with the KK masses determined by solving (2:0) = /?^^ {^l)- As with the KK gravitons, the 
wavefunction along the warped direction for a bulk vector differs from the RS result for d > 5 with 
both the order of the Bessel functions and the power of the prefactor (kz) increasing with d. The 
mass of the purely warped KK vectors (n^ = 0) also increases with d whilst the relative spacing 
of the KK modes (m„+i — mn)/mn decreases. Thus the vector KK tower for (i > 5 is discernible 
from its RS counterpart. The KK action for the vector modes is finally given by 



^2^(n)^(n) 



(31) 



which reduces to the usual RS expression for d = 5. We note that for d > 5 the massless zero 
mode gauge boson has wave function 



(0), 



k{d-5) 



_ g-(rf-5)fc7rrcj 



^1/2 



k{d-5) 



(32) 



which remains finite for ^ 00 and differs from the d = 5 case, for which f^\z) oc Vc This 
difference has been noted already in IfTSl . 
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3.2 Gauge-scalar modes in AdSe 

For d > 5 a bulk vector has (rf — 5) additional degrees of freedom in the form of polarizations along 
the transverse directions. These, combined with the polarization in the warped direction, give rise 
to (d — 5) KK towers of physical gauge-scalars and a single KK tower of Goldstone modes; see 
e.g. [|25l for studies of gauge-scalars in UED models. We shall not determine the KK towers of 
gauge-scalars for arbitrary d in what follows but instead, as an example, provide the KK spectrum 
of scalar modes for AdS^. The value = 6 is the smallest number of spacetime dimensions which 
admits a KK tower of physical gauge-scalars. For AdSe we take the transverse direction to be 
orbifolded as S^/Z!^, where the action of the orbifold symmetry is Z2 : ^ —x^. The (Zj, Z2) 
parities of a bulk AdSe gauge boson are 



+,+ 



A, 



-,+) 



A. 



(33) 



The parities for the scalar modes are fixed by the demand that A^^, be even and are such that A^^z 
do not posses zero modes. For AdS^ the equations of motion (|23l) and (|24l) reduce to 

[z^dl - 2zdz - [ri^^drd, - dl]z^] Ga 
[z^dl - 2zdz - [v'-^drd, - dl]z^ + 2} F5, 

where Ga = (kz^ [d^i^KA^) + dz{KAz)]. We KK expand the scalar modes as 



0, 
0, 



(34) 
(35) 



(36) 



where 'mG{s),n is the mass for the n-ih. KK mode and (7^'"'^ are the usual even/odd parity wave 
functions for the /Z2 orbifold. The 4D fields satisfy 



(n) 



-rrin^A 



in) 



V^'^drd^A 



(n) 



and the orthogonality relations are: 



dz 



(kz) 



2 JS,G JS,G 



Using d^g^^^ = —ml^^g^^^ and equation (l37l) in the equations of motion gives: 

{z^dl-2zdz + {ml,-miy}fP = 0, 

0, 



{z^d!-2zdz + iml,-miy + 2}ff 



which have solutions 

JG - ,.rnl 



3/2 



■G,'. 



— nii z 

il-a 



AH), ^ (kzf/^ f r 



ml z 



+ Pf%2 



m 



G,: 



— ml z 

I la 



(37) 

(38) 
(39) 

(40) 
(41) 

(42) 
(43) 
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From (|33l) one obtains the boundary conditions along the warped direction for ^ as 

^51 = , d,A,\=0, (44) 



which lead to 



Jl/2 




Yl/2 





(45) 



and the KK masses follow from enforcing (3g^\zo) = (3'f\zi). Using the following KK expan- 
sions of 2 

A5(x^x^^) = x^Af(x'^)^7?^^(x^)/f 

n 

A,{x^,x\z) = Y.Af\xng'~-'\x')ff\z), (46) 

n 

one finds that f^"'\z) = fG\z) and fi"\z) = fg'\z), whilst the 4D fields are related as 

- ^5 + • (48) 

Combining the above gives the effective 4D action for the gauge-scalars, 

X: i / rf^x {n^^d.Afd^Af - imlMf? + v'^d.AfdrAf - mUAff] , (49) 

ft 

and by adding (|49l) to the (i = 6 case of the vector KK action (|3TI) one obtains the complete KK 
action for a bulk vector in AdS^. Observe that in the unitary gauge ^ ^ oo the modes A^q' become 
infinitely heavy and disappear from the spectrum so that, as advertised, these are the Goldstone 
modes which are 'eaten' by the massive KK vectors A^^\ n 0. The modes are the physical 
gauge-scalars which remain in the spectrum in the unitary gauge. 



4 Bulk Fermions 

In RS models the KK decomposition of a bulk 5D vectorial fermion produces a single chiral 
massless mode [2J. Being vectorial, an RS fermion may posses a bulk mas^ and by varying 
this mass over order one values (in units of k) the chiral mode is readily localized towards either 
the UV or IR brane (21 0. By localizing the lighter (heavier) SM fermions towards the Planck 



Which must be odd under the Z2 orbifold symmetry. 
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(TeV) brane one may generate the observed SM fermion mass hierarchies with order one Yukawa 
couplings [l3l|26i| and thus the RS framework provides a mechanism by which to construct theories 
of flavor. We are interested in considering the generalization of the RS approach to flavor for AdSd 
with d > 5. The vectorial nature of bulk RS fermions persists only in spacetimes with an odd 
number of dimensions; for even d the minimal fermion is chiral with respect to the rf-dimensional 
chiral projection operators and therefore does not admit a bulk mass. The RS approach to flavor 
is thus expected to generalize only for odd values of d and we consider the simplest cases of odd 
(i > 5 in what follows and we obtain the KK spectrum for a bulk fermions on a slice of AdSj 
and AdSg. We then consider the coupling of these bulk fermions, including the localizable chiral 
modes, to an IR brane scalar and a bulk vector in Section [51 

We point out that a bulk fermion on a slice of AdSj was considered already in [12J . In that work 
the bulk fermion acquired an effective bulk mass by coupling to a bulk scalar with a non-vanishing 
background profile. The Yukawa coupling of the chiral zero-mode fermion to brane fields was 
then considered. Our analysis differs as we admit a mass for the bulk fermion and obtain the entire 
fermion KK spectrum; not just the zero mode profile as was done in lfT2l . We then consider the 
Yukawa coupling of two such bulk fields to a brane scalar and the coupling of a bulk fermion to a 
bulk gauge boson. Our results and notation provide a transparent generalization of the familiar RS 
expressions. 



4.1 AdSr: Fermion orbifold parities 

Before proceeding to discuss bulk AdSj fermions we specify the action of the orbifold symmetries 
acting in the extra dimensions. We write the index of the toroidal transverse dimensions as a, 6 = 
5,6, with the metric defined by 

dsl^s^ = e"^"^^^ [v^.udx^'dx'' - 6abdx''dx^] - {dy f, 

= GuNdx^dx^, (50) 

The extra dimensions x'^, y are orbifolded via 

(TV^D X {S'/Z,), (51) 

with the action of Z2/, defined by 

Z2 ■■ -y, 

Z'^ : x" ^ -x\ (52) 

A bulk field in the above background is in general specified by two parities {Z'2, Z2) = (P', P), 
where P', P = ±, and we note that the orbifolding (ISTI) ensures there are no massless gravi-vectors 
in the spectrum. The action of the orbifold symmetries on a bulk fermion \E' is 

Z'^ : ^(x^, x", y) ^'(x'^, -x^ y) = iP'T^T^^{xf', x^ y), (53) 
Z2 : ^(x^,x",?/) ^(x^,x",-?/) = ^P^^^(x^,x^?/), (54) 

and our conventions for the 7D gamma matrices T^^ may be found in Appendix |Bl where we also 
discuss some general properties of 7D fermions. We shall work with P = —1 and P' = +1 so that 
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the (^2,^2) parities of the components of ^' are 

-) 

V'+L ( + ,+) 



(55) 



and is the only field which is even under both symmetries. Regardless of which values are 
used for P', P there is always only one component of ^ which is even under both Z'^ and Z2; the 
selection of different values for P\ P simply determines which component is even. The action of 
the orbifold symmetries on a Dirac mass bilinear is 

Z'^ : ^ +*'^, (56) 
Z2 : ^ (57) 

so that a bulk fermion may only have a Dirac mass if the mass is odd under the action of Z2, as in 
the RS model. 

4.2 AdSr: Fermion KK spectrum 

The action for a bulk fermion in the AdSr background is: 

= Jd'xVGl^^-^T^epM^-lidMW-eM'^-mD^^Y (58) 

where = {kz)5^. We have already dropped the spin connection terms, which arise from the 
use of the co variant derivative Dm = + ^^m, and cancel in the above. After rescaling the field 
^ — > {kz)^'il and integrating by parts one has 

= y"d^x|i^r'^9^* + i^r^97* + i*r"9„*- ^^^|. (59) 

We define the four component spinors ^+ = {i^+L, i^+Fif and V'- = {^-l, i^-R)^ in terms of the 
component fields, 

*+ = (0,0,^+l,z^+r)^ , *_ = (^_i?,^_i,0,0)^ (60) 
and KK expand these four component fields as 

n 
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where 4'±l,r = Pl,r4'±- The wave functions obey the following orthogonality relations, 

/, / P*{na,m) p{na,n) p*(na,m) p(na,n)\ _ rmn 
^'^\J+L,R J+L,R J-L,R J-L,R ) — " i 



(61) 
(62) 



and the explicit form of the toroidal wave functions g^J^iji is given in Appendix ID.li With 
given by 



R 



the equations of motion for the wave functions along the warped direction may be written as 

C" 



Tdz - 



J±R^ '""riaJ^R — '"'nJzfL^ 
J±L ^ '""riaJzfL ~ '"'nJ^zRy 



(63) 

(64) 
(65) 



where m^: are the KK masses and the dimensionless mass c is defined by mo = ck. The equations 
of motion (|64l) . (l65l) may be separated as 



0, 



(66) 



and, noting the parities (1551) . one may use the equations of motion to obtain the boundary condi- 
tions. 



in) 
L,R 



L,R 



The solutions to the above are 



(n) , 
±L,R\ 



'kz 



N 



in) 



0, 



0. 



(67) 
(68) 



(69) 



where the order of the Bessel functions is = |c ± || and the equations of motion require that 
the normalization constants satisfy 



N. 



in) 



2mf 



-AT, 



in) 



(70) 



The KK masses are fixed by enforcing (3^\zo) = (3'^'{zl), where 



lin)l 



Y^_{^mi-ml^z,) 
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(71) 



and, similar to the RS case [[3l, they may be approximated as 



T^n = T^n,na ^{n + -- -)k Tl 6 ^ + m„^, (72) 

for large n. Putting the above together the bulk fermion action reduces to the canonical KK form 

n 

Our primary interest is in the spectrum of massless modes as this will determine the viability 
of employing a bulk 7D fermion. Consider first the case with m„^ = Ua = 0, for which equations 
dill), dMl) have the solution f^^l% oc z^'^. However the boundary conditions (|67l) force f^^R — 
and furthermore for = one has g^^~^^ = as tp+R. Thus the only non- vanishing mode is 
fff^ oc z~'^ with the normalized wavefunction 



(fc)V|°f(.) = y' (,gfL,li (fa)'-°. 

where for completeness we retain the factor of (kzY previously scaled out. This is identical to 
the usual RS profile f2\^ modulo the replacement (kz^ {kzY for the factor scaled out in the 
above decomposition. One can easily show that no massless modes obtain when 7^ so the 
chiral mode (1741) is the only massless mode in the spectrum. 

4.3 AdSg: Fermion orbifold parities 

As it will be helpful in what follows to be able to distinguish between the different transverse 
directions we use a slightly different notation for the transverse coordinate labels in this section 
and write the index of the toroidal dimensions as a, a' = 5,6 and 6, h' = 7, 8 with the metric 
defined by 



r/s^ - f,-My) 



\2 



rj^ydx^dx^ — 6aa'dx"'dx"' — 6wdx dx — {dyY 

= GMNdx^dx^, (75) 

The extra dimensions x"'^, y are orbifolded via 

(TVZ^) X (TVZ^O X (S'/Z,), (76) 

with the action of the orbifold symmetry defined by (|5TI) and 

Z'^ : x'' -x^ (77) 

The action of the orbifold symmetries on a bulk fermion \1/ is 

Z2 : ^(x'^,x^x^^/) ^(x'^,x^x^-^/) =^P^^^(x'^,x^x^^/), (78) 
Z'^ : ^(a;'^,x^x^^/) ^ ^'(x^,-x^x^?/) = iP'^^^'^^(a;^,x^x^l/), (79) 
Z'^ : ^(x'^, x", x^ y) ^'(x^, x", -x\ y) = iP"^ x^ y), (80) 
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where the three parities P, P', P" all take the values ±1. Here the 9D Dirac gamma matrices; 
our conventions for which may be found in Appendix O where we also discuss some general 
properties of 9D fermions . We shall work with P = —1, P' = +1 and P" = — 1 so the ( Z2 , Z'J^ , Z'^ ) 
parities for the components of \1/ = (V^j^, are 

/ (-,-,+) \ 



^1 



i^iR (-, -, -) 

V'2i? (-,+,+) 
V V'2L (-,+,-) / 



I i^zR (+, -, +) \ 

^3L ( + , -) 
V'4L ( + , +, +) 
V ^4i? ( + , +, -) / 



(81) 



and ?/'4L is the only completely even field. Regardless of which values are used for the parities 
P, P', P" only one component of ^ is even under Z^, Z'2 and Z'^', the selection of different parities 
simply determines which component is completely even. The action of the orbifold symmetries 
Z2 on a Dirac mass bilinear is again given by equations (|56l) and (1571) whilst the action of Z'^ is 



Z'i 



(82) 



4.4 AdSg: Fermion KK spectrum 

The action for a bulk fermion in the AdSo, background is 



(83) 



where ej[f = {kz)5^f and we have already dropped the spin connection terms which cancel in the 
above. After rescaling the field (kz)^^ and integrating by parts one has 



kz 



(84) 



We define the four component spinors tpa = {i^aL.'^aRY with a = 1,2,3,4, in terms of the 
component fields, 

^ = (^IL, Ar, ^2R, V'2L, V'SiJ, ^3L, ^4L, V'4i?)^, (85) 

and the KK expansion for the four component fermions is 

^/',(x^x'^'^^) = v^,z.(x^x"^^)+v^,«(x^x"^^) 



The wave functions obey the following orthogonality relations, 

4 

*{m,na,ni,) r(n,na,nf,) 



a=l 



(86) 

(87) 
(88) 
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and similarly with the replacement L ^ R. The explicit form of gly'£^fj, h^aiR given in Ap- 



pendix |D]2l In terms of the masses 



TUr. 



(89) 



+ ^8 

R ' ~ R 

the equations of motion for the warped direction wave functions are 

Z 

z 

9. - 

Zi 

z 

where are the KK masses and the dimensionless mass c is again defined by m£) = ck. The 
wave functions f^^^^^ must also satisfy the four equations obtained by replacing f'^^^ ^ in 
(I90l) -(l93l). Noting the parities (ISTI) one may use the equations of motion to obtain the boundary 
conditions, 



An) 
J3R 


fin) 


An) 
^naJlR — 


An) 
^nJiL y 


(90) 


An) 
JAR 


fin) 


_l_ fin) 


fin) 


(91) 


An) 
JlR 


_l_ fin) 
' ''^ntJm 


_l_ fin) 

+ JSR — 


fin) 
™nJ3L ' 


(92) 


An) 
J2R 


I fin) 


An) 

JiR — 


fin) 


(93) 



in) 
aL,R 



C\ Art) 
J aL,R 



for a 
for a 



1,2, 



3,4. 



Equations ([90l)-(l93l) may be separated as 

{z'dl + c-c' + mlz^)ffl^ 
c 



z'dl-c-c' + mlz^)fS!,R 



for a = 1,2, 
for a = 3, 4, 



where we define m'i = mi — mi — ml . The solutions are, 

ft It I to, 1 



aL,R\ 



N. 



in) 



in) ( 
aL,R\ 



aL,R 

kz 



N. 



in) 



aL.R. 



Ju+{mnz) + /?Jr Vj,^ (m^2;) 



for a = 1,2, 
for a = 3, 4, 



(94) 
(95) 



(96) 
(97) 



(98) 
(99) 



where the order of the Bessel functions is z/j. = |c ± || and we have used of the equations of 
motion. The normalization constants are not independent and may be expressed in terms of a single 
constant, as given in Appendix ID. 3 [ The KK masses mfi are found by solving /S^"-* (zq) = (3^^ {zl), 
with the constants P^\z^) given by 



J. 



(100) 
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The spectrum contains a single chiral massless mode with profile 

which matches the RS result modulo the replacement {kzY (kz)^ for the scale factor. For large 
n the KK masses may be approximated as Q 

m| ^ (n + ^ - ^)k\'e-''-^^ + ml + m^, (102) 

and putting the above together the bulk fermion action reduces to the canonical KK form. 

Before proceeding to consider the coupling of bulk fermions in ArfSy 9 to bosons we note that, 
relative to the RS model, the order of the Bessel functions in the fermion profiles (|98] ). (|99| ) has not 
changed as a result of having increased d from the RS value of = 5 to d = 7, 9. This differs from 
the explicit d dependence found earlier for bulk vectors and gravitons. As noted already for the 
zero modes, the power of the factor initially scaled out of the fermion wave functions does increase 
with d so the fermion profiles do display some d dependence. 



5 Coupling to a Brane Scalar and a Bulk Gauge Field 

We have seen that localizable chiral zero mode fermions, familiar from RS models, may also be 
obtained in AdSf and AdSg . In this section we consider an IR brane scalar to show that the RS 
warped realization of the weak scale also carries over to AdSd and, by coupling two bulk fermions 
to such a brane scalar, we show that for AdS^^g the RS approach to flavour also generalizes. We 
then consider the coupling of a bulk fermion to a bulk gauge field for AdSf^g and show that, 
in the phenomenologically interesting case of R'^ ~ TeV, the effective 4D coupling for the zero 
modes experiences volume suppression. After these considerations we shall comment on the model 
building possibilities in AdSd and contrast these with spaces where the transverse directions are 
external to the warping, AdS^ x Ai'^^^, with an emphasis on the AdS^ x case lITTI . 

Consider a (rf — 1) dimensional scalar $ localized on the IR brane of a slice of AdSd with the 
usual quartic potential: 

= / d'-^^ [rf-^a„i^a,i - ^,_^,t.Mt> (^^ - jS^)] . (103) 

where [$] = (d — 3)/2 and the VEV is written in terms of the dimension one parameter [vq] = 1. 
The barred quantities denote the restriction to the brane at y = wVc and we have rescaled $ 
g(d-3)fc^r,/2^_ The vacuum value of $ is (<l>(°)) = voA'&'^^^^^e^^-'^^''''''-/^ and the natural scale for 
Vq is Vq ~ k. Noting that the zero mode has the wavefunction = 0*^°)(x)/(27ri?)'^'^^^)/^ the 
VEV for the 4D field is 

d-5 

(104) 



^(o)\ 



V = 
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where, in the case of electroweak symmetry breaking, v ~ 246 GeV would be the electroweak 
scale. The d = h case of (|104l) reproduces the usual RS expression for the VEV of an IR brane 
scalar whilst for > 5 it generalizes the RS expression to AdSd- We are working with the phe- 
nomenologically interesting case of R^^ ~ TeV and as e^'^^'^'^M^, ~ TeV the factor in brackets in 
(fT04l) is C(l - 10). In particular for e-^^'''=M^2-nR ~ 1 the weak scale is w ~ e ^^"^'"v^i so that, 
as in the RS model, the weak scale is realized via the warped suppression of the order ~ k input 
parametei^ vq. 

The RS approach to flavor also carries through to AdSj and AdS^, with the Yukawa Lagrangian 
between two bulk fermions \E'i 2 and an IR brane scalar being 



5- 



A 



Y 



Yuk 



{d~3)/2 



(105) 



where the dots denote terms containing modes with n > and the fermion mass is = XyV, 
with the effective 4D Yukawa coupling between the zero modes defined a^ 



A,, 



(0), 



rf = 5,7,9. 



(106) 



For d = 5 this reproduces the familiar expression for the effective 4D Yukawa coupling in RS 
models [T, "3 1 whilst the d = 7,9 cases generalize the RS result and show that the RS approach to 
flavour holds for the warped spaces AdSj and AdS^ . 

We may also consider the coupling between a bulk fermion and a bulk gauge boson in AdS^^g: 



9d 



{d~i)/2 



Ml 



9i 



■M 



M 



(107) 



where is a dimensionless bulk gauge coupling and for = 7 (rf = 9) the gamma matrices are 
the 7D (9D) Dirac matrices given in Appendix |B] (Appendix |C])- In the last line we have retained 
only the terms with the chiral mode and defined the 4D gauge coupling as 

1 



9i 



9d 



^(d-4)/2 (27r/?)(^-5)/2 

Using the vector zero mode profile for d > 5 (|32|) gives 

2k{d-h) 



(108) 



9a 



9dM, 



Mi''-^\27iRY'i-^) 



1/2 



9d 



M, 



(109) 



PI 



^We note that equation (1104b seems to indicate that for RM^ ~ 0{l) the 4D Higgs VEV is {(t>''°'>) ^ 
VQe~^'^~^'>''^^''^^ . However, as we show in Section |6] the effective 4D quartic couphng for the IR brane Higgs be- 
comes non-perturbative in this region of parameter space so it is not clear that this deduction can be trusted. 

^The numerical subscripts here label the different fermion fields ^1*1,2 and not different spinor components. 
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where we have used the leading order expression for the 4D Planck mass via ([8]). One readily 
observes a volume suppression of the effective 4D couplings. For example, with k ~ and 



TeV 



c/-3 



d~5 



1 

d-3 



PI 



TeV 



2 

d-3 



(110) 



and provided d is not too large this gives Mpi ~ e*^*^ 3)A;7rrc/2 ^j^y (-j^^j 



~ ,,e(^ '^)--/^ = X I 10-- for Arf^; • ^'''^ 

From the above considerations we may surmise the following. The RS realization of the weak 
scale via spacetime warping carries over to a slice of AdSd for d > 5 when the Higgs boson is 
a (d — 1) dimensional field localized on the IR brane. The RS approach to flavour also carries 
over to AdSj and AdSg, with the coupling between two chiral zero mode fermions and a brane 
localized scalar sensitive to the fermion bulk mass parameters such that hierarchical Yukawas are 
expected in the 4D theory. However for the phenomenologically interesting case of R^^ ~ 1 TeV 
the effective 4D gauge coupling between a chiral zero mode fermion and the zero mode of a bulk 
gauge field experiences volume suppression. The severity of this suppression increases with d, 
though already for d = 7 it is of order ~ 10~^^/^. A similar volume suppression is known to occur 
for models with large extra dimensions [27]. 

Consequently bulk SM fermions and gauge fields are not viable for both AdSj and AdSg. The 
appealing RS approach to flavour is therefore successful only on a slice of AdS^ or, as shown 
in flm for the case of AdS^ x T^, for certain spaces of the form AdS^ x M'^~^. If SM matter 
fields propagate in the transverse dimensions of AdSd one expects them to be localized at either 
the UV or IR brane, with the weak scale realized via warping in the latter case. Actually, as we 
shall show in Section |6l for R^^ ~ TeV the effective 4D couplings are highly suppressed for UV 
localization so that only IR brane localization of the SM is viable. 

Note that fermions which are sterile with respect to the SM gauge group may propagate in the 
bulk, with such a scenario considered already for AdS7 in the context of a brane localized UED 
model in lfT2l . We further note that extended gauge sectors can also propagate in the bulk and the 
gauge coupling volume suppression can motivate a very weak coupling for such sectors. As an 
example consider the localization of the SM on the IR brane of AdSQ. This would realize an em- 
bedding of the minimal UED model on the IR brane and simultaneously motivate the weak/Planck 
hierarchy. With the gauge group extension Qsm x Gx, the -symmetry could be broken on the 
IR brane at a scale of ~ TeV and yet remain experimentally viable if it propagates in the bulk. The 
effective couplings in the 4D theory would be of order g^M^/Mpi are 
therefore automatically suppressed. Such a scenario may offer an interesting way to employ, for 
example, a weakly coupled symmetry which plays a custodial role and is broken at the weak scale. 

The main model building feature of the AdSd spaces seems to be the ability to combine the 
warped explanation for the weak/Planck hierarchy with the KK parity found in UED models. 
In UED models KK parity is a residual from an underlying spacetime isometry. The transverse 
space in AdSd admits such an isometry so that KK parity may remain viable when the SM fields 
propagate in the transverse space. In particular if the SM fields are localized on the {d — 1) 
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dimensional IR brane of AdSd one obtains a geometrical motivation for both the weak/Planck 
hierarchy and the existence of stable dark matter. The main experimental signature for the AdSd 
spaces in this instance would be the observation of warped KK gravitons in addition to the UED 
KK modes. Such a signature also occurs when the {d — 1) dimensional UED model is realized 
by embedding the SM fields on the IR brane of AdS^ x T'^'^, as discussed in flllll . However the 
graviton KK towers on AdSd differ from AdS^ x T'^-^ so that if a (d—l) dimensional UED scenario 
is discovered one would be able to experimentally determine if the UED model is embedded in 
either of these distinct warped spaces by carefully studying the graviton KK spectrum. 

We note that for i?M* ~ C'(l) one has M* ~ Mpi and the volume suppression observed in 
(11091) disappears. Although the transverse KK modes disappear from the low energy spectrum in 
this limit, this case may be interesting unto itself. However, as we show in the next section, it is 
not clear at present what the correct description of the IR brane (including the localized Yukawa 
coupling) should be in this instance. It should also be stated that whilst the transverse KK (or 
dark matter) scale in AdSd is set by R~^, there is no a priori connection between this scale and 
the weak scale. Thus the usual WIMP paradigm requires the transverse radius to be stabilized at 
R^^ ~ TeV <^ M^. As we will show below, such a condition is in any case necessary for the 
validity of the effective theory description we have employed. This situation is to be contrasted 
with AdS^ X [fTTIl where the underlying geometry also motivates the weak/Planck hierarchy 
(via warping) and dark matter (via KK parity as an isometry remnant). In that case the transverse 
KK scale is automatically warped to the IR brane scale, so that once the weak/Planck hierarchy 
is established via warping the dark matter scale is also ~ TeV, even if the transverse radius is 
stabilized at i?"^ ~ M*. 



6 Validity of the Effective 4D Description 

Throughout the present work we have assumed a transverse compactification scale of R^^ ~ TeV. 
There are two reasons for having restricted our attention to this case. The first reason is phe- 
nomenological as the new KK modes associated with the transverse space in AdSd will be accessi- 
ble to colliders only for R^^ of order TeV and the lightest transverse KK mode may also be a good 
DM candidate for a TeV scale compactification. The second reason is theoretical as the effective 
4D theory description on the IR brane breaks down for R^^ > TeV when the IR brane scale is 
~ TeV. We briefly demonstrate the latter point in what follows. To this end we use AdS7 as an 
example and consider a non-interacting 6D scalar field localized on the IR brane: 

S^ = ^y"rf'xv^{G''^^aM<l>%<l>-m|<l>2}5(y-7rre), 

(112) 

where the barred quantities denote brane restriction. To obtain the last line we have rescaled the 
field $ g'^kwrc^ bring the kinetic term in the x'^ directions into a canonical form. With the 
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KK expansion 



=^0("<')(x^)^("<')(x»), (113) 

where the profiles obey dlg^"'"^ — — m^^^gf^""^ with m^^ ~ R~^, the action reduces to the standard 
KK form: 

The KK masses are 

ml^^ ^ mle-'''^'^ + ml, (115) 

where the bare mass is warped down as m^e'^'^^'' whilst the KK mass mn„ is not. As the effective 
transverse radius in the 4D theory is not warped it may lie below the cutoff of the 7D theory and yet 
exceed the warped down cutoff on the IR brane, that is R may lie in the range > > Ajr. 
Let us add a series of higher order interaction terms for the scalar to consider this matter further: 




(116) 



where is a dimensionless coupling and we have performed the rescaling necessary to return 
the kinetic term to a canonical form to obtain the second line. The brane cutoff is warped down 

to Air — e~^'^'^''M^, exactly as occurs in RS models. One may expect that for R"^ > Ajr the 
IR brane theory could be trusted provided one neglects all KK modes whose mass exceeds the 
brane cutoff. However the effective description on the brane breaks down even when these states 
are discarded, as is seen by considering the interactions involving only the zero modes. In the 
effective 4D theory these are 

As an example consider M* ~ [27ri?]~^, a relationship which, from the 7D perspective, appears 
within the range of validity of the effective theory description as R~^ < M*. However in the 4D 
theory the coupling of the zero mode quartic interaction 0^°^^ is ~ X^e^^'^'^'' and if the 7D couplings 
assume 'natural' values of order E [10~^, 1] this 4D coupling is severely non-perturbative. 
A similar enhancement is found for the higher order interaction terms. Thus it is not enough 
to simply discard the higher KK modes whose mass exceeds the IR brane cutoff; the effective 
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theory description has broken down even for the zero modes. We deduce that the usual constraint 
R^^ < M*, required to ensure validity of the effective theory description, is inadequate to ensure 
that the effective 4D theory on the IR brane is sensible on a slice of AcISt. This result holds more 
generally on a slice of AdSd- 

The effective description of the 4D theory on the IR brane does make sense provided the trans- 
verse radius is less than the IR brane cutoff, R^^ < Ajr = e^^'^^'^M*. This motivates the assumed 
value of R^^ < e~'''^^''M^ ~ TeV employed in the text. One may understand why the validity 
of the effective theory description requires R^^ < A//j rather than simply R^^ < M^, as follows. 
Consider two points with separation Ax" ~ _R in the transverse space. When localized on one of 
the branes this corresponds to a physical separation of: 



|. |_ I Ax" ~ -R for UV localization, 

= S „-fc^r,^^a ^(,-k^r,R foi IR localization. ^ ^ 

Within the present effective theory description one may only talk sensibly about proper distances 
satisfying As^^ < k, which translates into R~^ < k for UV localization and R~^ < e'^'^'^'^k for 
IR localization. With k ~ the latter relation gives R^^ < A/r as promised. As the IR brane 
theory breaks down for R^^ > Air the effective theory description employed in this work remains 
valid for the entire space only for R^^ < Air. 

The relation R^^ < e~^'^'^''M^ may seem strange as in the limit Vc ^ oo the effective descrip- 
tion breaks down for any finite R. However this behaviour is understood as in the r^, oo limit 
the spacetime has a conical singularity, which is observed by noting that at the horizon the proper 
radius in the transverse directions shrinks to zero as e~^'^'^''R. The resolution of this singularity re- 
quires knowledge of the UV completion; for example the slice of AdSd may emerge from a more 
fundamental string theory. The presence of this singularity is known already in the literature and 
has been discussed in ll28l . where a supergravity embedding of AdS^ was considered to flush out 
possible ways to resolve it. 

Before concluding we briefly consider the case of UV brane localization with R^^ ~ TeV to 
show that the resulting effective 4D couplings can be highly suppressed. If the brane scalar $ is 
instead localized on the UV brane of AdSj equation (II 171) becomes 



q—2 



and with e~''^'^^M,27ri? ~ 1 and Aag ~ 1 the effective zero mode coupling, for a given value of g, 
is: 

~ e--^{i-^)k^r,Mt-^''. (120) 

As expected, the UV brane cutoff is Auv = whilst the effective dimensionless coupling is 
of order e^(^'^~^)'^'^^% which, even for the zero mode quartic coupling case of g = 2, is highly 
suppressed with e''^'^'^^'" ~ 10~^^. A similar suppression holds more generally for AdSd and 
thus the SM cannot be localized on the UV brane for the phenomenologically interesting case of 
R^^ ~ TeV. We also note that the effective coupling for the interaction 0(o)20("a)2 between two 
zero modes and two 7^ KK modes is ~ Q-'^k-nrc (-^ in the case of UV (IR) localization 
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when A4 ~ It is easy to understand why the effective quartic couplings on the IR brane 

can be whilst those on the UV brane must be highly suppressed. The running of the quartic 
coupling will receive contributions from loops containing transverse KK mode scalars and, if the 
relevant effective 4D couplings are of order unity, will rapidly become non-perturbative. This is ok 
on the IR brane where the cutoff is warped down to e^'^'^^'^M^ ~ TeV so that a rapid approach to 
the non-perturbative regime is consistent with the expectation that the IR brane theory will break 
down at the TeV scale. However on the UV brane the description is expected to be valid up to the 
fundamental scale M*. This requires the effective 4D couplings to be highly suppressed to ensure 
a slow running and to avoid a breakdown of the theory at scales E <^ M*. In this way we observe 
that the theory automatically generates couplings that are appropriate for, and consistent with, the 
expected domain of validity of the effective theory description when R^^ < e^^'^'^'^M^. 

7 Conclusion 

In this work we have extended the program begun in [1 1] for AdS^ x and considered the promo- 
tion of the RS model to a higher dimensional slice of AdSd for d> h. Such spaces are interesting 
as they admit a generalized version of the warped realization of the weak scale employed in the 
RS model. Our primary motivation was to determine the viability of combining the phenomeno- 
logically appealing features of RS and UED models in such spaces. We have performed the KK 
reduction for gravitons, bulk vectors and, for the case of AdS^,, the gauge- scalars. We also ob- 
tained the KK spectra for bulk fermions on a slice of AdSj^g and showed that the RS approach 
to flavor generalizes to these spaces with the localization of chiral zero mode fermions controlled 
by their bulk Dirac mass parameters. However for the phenomenologically interesting case where 
the transverse radius is R^^ ~ TeV we find that bulk standard model fields are not viable due to 
a resulting volume suppression of the gauge coupling constants. A similar suppression occurs for 
UV localization so that, when propagating in the transverse directions, the SM fields should be 
confined to the IR brane, consistent with the warped realization of the weak/Planck hierarchy. The 
main experimental signature of the AdSd spaces in this instance is the observation of warped KK 
gravitons in addition to the usual UED KK modes. 
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Appendix 



A Embedding AdSa-i in AdSa 

The Poincare parametrization of the AdSd metric is: 



d'^AdSa ^ (u \2 [V/j-iyd^^'dx" - Sabdx^dx^ - dz^'\ , (121) 
[kz) 

and although the geometry is non-factorizable it may be expressed in terms of an embedded 
AdSd-i by changing coordinates to 

x'^^^ = Z coscf) , 2; = Zsin0, (122) 

to obtain 



sm (B^ 



dSAdSa.i 



(123) 



where the AdSd-i metric is: 

ds\ds,., = j^,\v,udx^dx^ -Y.idx'^f - dZ'\ . (124) 



a=5 



Thus the warped direction for the embedded AdSd^i differs from that of the original AdSd [l29l. 
One can repeat this process to obtain an embedding of AdS^ in AdSd- Consequently the warped 
profiles in the KK decomposition of bulk fields on a compactified slice of AdSd are not expected 
to reduce to the familiar AdS^ expressions. 

B Fermions in 7D 

The generators of the 7D Lorentz group 50(1, 6) for the spin 1/2 representation are 

yMN ■ 

S^'"" = ^ = -[T''\T\ (125) 

where the 7D gamma matrices satisfy 

{r^^r^} = 2r/*^^/, (126) 

and T]^^ = diag(l, — 1, — 1, ...). Note that in 7D the minimum dimensionality of the matrices 
satisfying the Clifford algebra (11261) is 8 x 8 so that fermions are described by spinors with eight 
components. We employ the 7D generalization of the of the Weyl representation for the F-matrices. 

For M = 0, 1, 2, 3, 5, 6 we have 



M 



s 

S*^ 



(127) 
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where 

E° = E° = 7°7° , = -E^ = 7°y (128) 
E^ = -E^ = ^7%^ , E^ = -S'' = 7°, (129) 

and for definiteness we employ the Weyl representation of the Dirac gamma matrices 

/ = f? n . T-=f ». . y^f-; ?V (130, 



In 4D the projection operators Pr^l — |(1 i 7^) project out the right- and left-chiral components 
of a Dirac spinor. These operators may be generalized to 7D as 



Pr,l = ^(1±^^°^W3). (131) 



The final gamma matrix is 



= if = ir^r^rW^r^ = i ( / ° i, (132) 



/ 



which may be used to define the projection operators 



P± = ^(l±f)- (133) 

Thus one may label the components of the 7D spinor with their 6D chirality (±) and their 4D 
chirality (R, L) as 

^ = {ilj.R,ilj.L,^+L,^+Rf . (134) 



C Fermions in 9D 

The generators of the 9D Lorentz group 5*0(1, 8) for the spin 1/2 representation are 

yMN ■ 

s^^^^^'-[g^,g% (135) 

with 

{G^, G""} = 277^^7. (136) 

In 9D fermions are described by spinors with sixteen components. We employ a generalized Weyl 
representation of the ^-matrices, which, for M 7^ 9, may be written in terms of the 7D Dirac 
matrices as 

a" - ( n« T ) • c^^) 
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where 

= n° = r°r° , = -Q' = r°r , = -q^ = r°r^ (i38) 
= -Q^ = r°r'' , Q'^ = -Q'^ = r°r^ , = -q^ = r°. (i39) 

In 4D the projection operators Pr ^ = i(l ± 7^) project out the right- and left-chiral components 
of a Dirac spinor. These operators may be generalized to 9D as 

p^L = ^(li^e^Ve^V), (140) 

and the 6D projection operators P± = ^{1 ±T) also generalize to the 9D operators 

Pi = ]^{l±G%^G^G^G''G^). (141) 

The final gamma matrix is 

G' = iG^G'G'G'G'G'G'G'G' = i{ ° V (142) 

\ U igxS / 

which may be used to define the projection operators 

Pu = ^(1±^)- (143) 
Thus one may label the components of the 9D spinor with their 8D chirality (t, |) as 

*=(j!;)- o"^* 

and one can further label the components of tpi^i by their 6D chirality (±) and their 4D chirality 

(R, L) as 

The above notation clearly labels the components of \E' in terms of their various lower dimensional 
chiral properties. It is, however, somewhat cumbersome and we employ a simpler notation in the 
text; see (|85l) . 



D Fermion Wave functions 
D.l Toroidal wave functions: AdSr 

The fermion wave functions on the toroidal dimensions may be written in terms of g^(^ly the usual 
expansions for the even (odd) KK modes on the jZ'^ orbifold: 



1 



1 



V27tR \V2 
1 



COS 



R 



\/27rR 



sm 



n^x^ + uqx^ 
R 



(146) 
(147) 
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where Ua = (ns, uq). For AdSj with toroidal compactification the profiles must satisfy 

id,±td,)g^^l]^ = TmnJ^nl. (148) 

(asT^^e)/"^ = ±m.„/"^J^, (149) 

and may be written as 

g^:^\xn = g'^-l\x^) = ^^^±^g'~-^\xn. (151) 

D.2 Toroidal wave functions: AdSg 

The wave functions along x'* must satisfy 

(95±z96)£"i = TmnJ:;nl for a = 1,4, (152) 

(^5 T ^56)^/iLi = ±"^-.^?&L for a = 2, 3, (153) 

giving 

^(^") = = &\^'') = = 9t^\^l, (154) 

= = 9t\^n = = ^^f^9^-'\x^l (155) 

where we express the solutions in terms of (|146|) . (11471) . Similarly the wave functions along x^ 
satisfy 

{d-r±zd8)hi^^l = ±mn^h^;i]^ for («, /3) = (1, 2), (3, 4), (156) 
{^■JT^^,)h^:^^^ = Tmn,h^;i]n for («, /5) = (2, 1), (4, 3), (157) 

where rib = (n-i, ng). The solutions are 

h^^,^\x') = ht^\x') = htl\x') = ht^\x')=gt^\x'), (158) 
hfl\x') = ht^\x') = htl\x') = hf^\x') = 7 ; ''''/ ^^\x'), (159) 

with g^^^^ [x^] given by (|146|) . (|147|) with the replacement nb, x^. 
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D.3 Normalization factors in AdSg 

(n) 

The equations of motion require the normalization factors for f^ij^ to be related and one can show 
that they may be expressed in terms of a single normalization factor A^^"^ via 

(n) ^ y uK n nJ ^W^ ^^^^^ 

^(n) ^ V "V ""^ M"), (161) 



A^iSi., = ^i£H = 2Wz^fr^r^^^r- (162) 

71 7T.Q, 
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